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LOCALIZATION OF THE ATTRACTORS OF THE
NON-AUTONOMOUS LIENARD EQUATION
BY THE METHOD OF DISCONTINUOUS
COMPARISON SYSTEMS+

G. A. LEONOV
St Petersburg
(Received 3 April 1994)

The construction of simple discontinuous comparison systems with non-linear elements of the “dry friction” type is proposed.
The sets of closed trajectories of such systems, which are contact-free with respect to the vector field of the initial system, enable
one to obtain estimates of the dissipation domain simply. A similar approach is also used to construct annular domains. The
absence of the property of convergence in the case of a Liénard system with a periodic additive term follows from the existence
of these domains. © 1996 Elsevier Science Ltd. All rights reserved.

There are many results on the dissipative nature of the non-autonomous Liénard equation [1-3]. Many estimates
of the dissipation domazin are based on considerations of the energy integral which, in a certain part of the phase
space, possesses the properties of a Lyapunov function. In the other parts of phase space, it is found to be necessary
to carry out additional special constructions and estimates along the trajectories being considered. All of this makes
it difficult to obtain effective estimates of the global attractors of the Liénard equation. The use of the trajectories
of discontinuous comparison systems rather than the energy integral enable one to avoid these difficulties and to
formulate theorems on the localization of the attractors of the non-autonomous Liénard equation.
Consider the system
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where F(y), E(f) are functions which satisfy the Lipschitz condition and p is a positive number.
We shall subsequently assume that the inequalities
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are satisfied for certain positive numbers o and .
Assumption (2) is quite natural and traditional for Liénard systems [1-3].
We now consider the linear systems
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and, also, the positive half-trajectory of system (3) with the initial data y(0) = 0,x(0) = —pk and the positive half-
trajectory of (4) with the initial data y(0) = 0,x(0) = pk (Fig. 1).
The corresponding trajectory solutions for G,(x, pk) and G(x, pk) are given by
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The set
Qo k) = {x e[-pk,puk], Gy(x.pk) < v < Gy(x,pk)}

is now introduced into the treatment.

+Prikl. Mat. Mekh. Vol. 60, No. 2, pp. 332-336, 1996.

329



330 G. A. Leonov

%/:’
\\ G x)

Fig. 1.

We recall that the invariant attracting set is called the attractor of system (1). If the attraction domain of an
attractor when ¢ — e is the whole of the phase space R, then such an attractor is called a global attractor.

Theorem 1. The global attractor of system (1) is contained in the set Q(a, k).

Proof. Let inequality (2) be satisfied for k = k. It is obvious that it is also satisfied for all k = k. But, then, for
any point (xg, o) of the set RAQ(a, ko), a number k = ky exists such that (xy, ) belongs to the boundary Q(a, k).
Hence, we have a family of closed curves spanning the set Rz\fl(a, ko)

We shall show that these curves are contact-free almost everywhere except for the points {y = 0,x € R'} and
that the trajectories of system (1) “pierce” these curves from the outside to the inside. For this purpose, we shall
make use of the Chaplygin—Kamke comparison principle [4-7] and inequality (2)
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It follows from the comparison principle that the solutions G(x) which correspond to the trajectories of the system

2
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and the solution y(t), x(¢) of system (1) possess the following property at the point ¢ = to, xo = x(fp), Yo = ¥(to) =Gi(xo)
dyldx < dGfdx

The required contact-free property of the curvesy = G(x, pk) with respect to the vector field of system (1) follows
from this. The assertion of the theorem also follows from the contact-free property of this family of curves almost
everywhere.

We note that the inequalities

Gy (x, k) < Ri(x—pk), Gy(x,pk) = Ri(x+uk)
(R = ot/ 2+[(o)? 1 4-1)2)

are satisfied.
Hence, the set Q(a, k) is located in the strip

Iyl < 2k/(@-p™), xeRY)

In particular, the well-known result of Cartwright [1-3] follows from this. This is concerned with the fact that
the global attractor of system (1) is uniformly bounded along the y-coordinate when the parameter y € (0, + ) is
varied.

We now consider the set Qy = Ny Q(ct, k), where the intersection is taken with respect to all the parameters
o and k which satisfy condition (2).

Corollary 1. The global attractor of system (1) is contained in the set €.

We shall show how it is possible to apply this assertion to the simplest example when E(¢f) = 0 and F(y) is a Van
der Pol non-linearity.
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Initially putting o == 2/u + €, where € is an arbitrarily small positive number, we obtain that the conditions (2)

are satisfied when
k= 2 [—2- +2e+1 Tﬁ
3u
Hence, the set Q is located in the strip

i< 2 e

Next, assuming that p > 2/3, we put a = 3. Conditions (2) are then satisfied for any k > 16/3. Hence, the set
€ is located in the parallogram
x 16 1
+ = —
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Finally, we obtain the inclusion
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The latter estimate is asymptotically exact in the sense that, when p — o, the boundary of this set is as close as
desired to a certain part of the classical relaxation oscillation of the Van der Pol equation [1] (Fig. 2).
Now, let the inequalities

Fev)— _ .
Bu>2, (y)yE(t)< By+.\v/s|gny‘ VieR', ¥y=0, |yl <y, @)

be satisfied (B, v and v, are certain positive numbers). We shall consider the solution G;(x, itv) of the equation
GdGldx = pG — x — uv

with the initial data G;(pv, pv) = 0 and the solution Gy(x, pv) of the equation
GdGldx = uBG — x + pv
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with the initial data G4(—pv, puv) = 0 (Fig. 3). We note that, as in the case of Eq. (5), these equations correspond
to linear second-order equations of type (3) and (4).
The set

O(V)=(xe[-pv,uv], Gi(x,uv) < y < Gi(x,uv)}
is now introduced into the discussion.
Theorem 2. Let inequalities (2), (7) and
1Gyxvl < yo, |Gatxuv)l < v, Val-pv,pv)

be satisfied.

The set Q(k)\®(v) is then positively invariant in the case of the solutions of system (1).

The proof of this theorem repeats the arguments of Theorem 1. Here, the contact-free property of the boundary
of the set ® wheny # 0 also follows from the Chaplygin—-Kamke principle and from inequality (7).

Corollary 2. 1f a function E(¢) is periodic and the conditions of Theorem 2 are satisfied, system (1) does not possess
the property of convergence, that is, of the stability of the periodic solution as a whole.

In fact, the set @ is negatively invariant and, according to Brauer’s theorem, a periodic solution exists in ®.

It is clear that the existence of this solution in the set ® and the positive invariance of the annulus Q\® are at
variance with the convergence property. Note that the following simple inequalities are sometimes useful for verifying
the conditions of Theorem 2

Ry(x—pv) < Gu(x,)uv) = Gi(x,uv) < Ry(x+uv), Vxel-pv,uv]
(Ry =P/ 2-[(Bw)? 14-11%4)

We now consider the Van der Pol non-linearity (6) and E(f) = b sin o¢. Here, b and o are positive numbers.
Putting v = b, we obtain simple sufficient conditions for system (1) to be non-convergent

Bu>2, 2b/B-p™") < BG-P ®)

For large |, assuming that B = 2/3, we obtain the estimate b < 1/3.

We note that the following estimate of the boundary of the convergence domain is known [8, 3] for large u:
b = by: b € (2/3 -0.01, 2/3).

For a continuous Levinson non-linearity [3] F(y)

ﬂ"_:{l, lyl>1
dy -1, lyl<t

and instead of the inequalities (8), we obtain the condition

n>2, b<(l-php

The necessary apparatus for extending the estimates suggested here to the case when po < 2 and pp < 2 has
been developed in [9, 10].
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